Abstract. The paper deals with mappings from a Riemannian manifold to a complex one. Those maps that pull germs of holomorphic functions back to harmonic ones turn out to be holomorphic too with respect to some cosymplectic f -structure on the domain. Under a supplementary condition, the maps considered are stationary fields for the (generalized) Faddeev-Hopf model.
Introduction
Harmonic maps between Riemannian manifolds, ϕ : (M, g) → (N, h) are critical points for the (sigma-model) energy functional:
Harmonic morphisms (HM) are those maps between Riemannian manifolds that pull local harmonic functions on the codomain back to local harmonic functions on the domain. According to Fuglede-Ishihara's characterization harmonic morphisms form a subclass of harmonic maps which possess, in addition, the horizontally weakly conformal (HWC) property, [4] .
Besides harmonic maps that enjoy a large applicability in theoretical physics, from (old) potential theory to (more actual) nonlinear sigma-models, harmonic morphisms show to be useful particularly through the invariance property of Brownian motion, [20] , and through Kustaanheimo-Stiefel transformation, [15] . In classical mechanics, KS transformation (basically a Hopf map) is used for the regularization of the Kepler problem. In quantum mechanics, it makes possible to transform the Schrödinger equation for the three-dimensional hydrogen atom (in an electromagnetic field) into a Schrödinger equation for a four-dimensional isotropic harmonic oscillator subject to a constraint, [6] .
Kähler targeted maps turn out to enjoy a particular interest in field theory. They occurs as fields in super-symmetric nonlinear sigma-models [11] , and also in the frame of Faddeev-Hopf (or Faddeev-Skyrme) model [13] . The latter, originally proposed as a model of quark confinement (among other phenomena), involves the following energy functional:
where α ≥ 0 is a coupling constant and Ω denotes the Kähler 2-form on the target (the original model was concerned only with the case M = R 3 , N = S 2 ). In this paper, I identify among holomorphic submersions (in a generalized sense), a class of critical points for the energy E F.H . In a first stage, I define pseudo-harmonic morphisms (PHM) as those mappings from a Riemannian manifold to a complex one, that pull local holomorphic functions on the codomain back to local harmonic functions on the domain. We already know that holomorphic mappings from a cosymplectic manifold will satisfy this property, according to a classical result of Lichnerowicz [17] . We shall see that in fact all PHM come essentially in this way. I stress here that the class of PHM's includes all harmonic morphisms with Kähler target.
The paper is organized as follows. In the next section, I discuss the so called PHWC property of some mappings from a Riemannian manifold to a f -structured one (in particular, an almost complex manifold), property that answers the question when we can endow the domain with a f -structure such that our map becomes holomorphic.
Section 3 provides us the characterization of pseudo harmonic morphisms and the conformal geometry viewpoint about it. I give also a concise proof of the fact that, under some PHM's, the inverse image of any complex submanifold is a minimal submanifold. Section 4 investigates the relationship of the previous sections with the Faddeev-Hopf model. The paper ends with an Appendix.
Note that my approach generalizes the one proposed in [18] , where the codomain is always supposed Kähler in order to speak about PHM's (besides, PHM's are defined by the conditions of being harmonic and PHWC). In what follows, I shall stress this difference by calling a map strong PHM when it is PHM with Kähler target, as in [18] .
PHWC mappings

Generalities about f -structures
M be the eigenbundles of F corresponding to 0, i and -i, respectively. We say that F = T 0 M ⊕ T (0,1) M is the complex distribution associated to F , cf. [22] . According to [28] , the rank k, of F , is even and constant. If k = m, then F is an almost complex structure on M.
A metric g is compatible with F , and then F is called metric f -structure, if:
In this case we have an orthogonal decomposition of:
with respect to the Hermitian extension of g to the complexified tangent space. In real terms, the above definition says that ϕ is holomorphic if:
The following class of examples is based upon a well-known theorem of Ianuş, [16] . 
The general PHWC condition
The following definition generalizes the corresponding one given in [10] , [18] (when the codomain is endowed with an almost complex structure), respectively in [12] (when the codomain is endowed with a f -structure): 
where dϕ t stands for the adjoint map, dϕ
The following result generalizes [18, Remark 6]:
ϕ , on M, with respect to which ϕ becomes holomorphic.
Proof. We note firstly that dϕ
Remark 2.1. (i) The PHWC condition does not depend on the metric on the codomain but only on the conformal class of the metric on the domain.
(ii) rankF (iv) contact -holomorphic mappings between almost contact manifolds, cf. [8] .
The PHWC condition answers the question when we can regard a map between Riemannian manifolds as being holomorphic, provided that the target is endowed with a metric f -structure. The question could be reversed, assuming that the domain is a f -structured manifold (M, F, g). In this case, in order to be sure that the codomain supports a metric f -structure too, with respect to which our map becomes holomorphic, we have to verify if
PHWC submersions to an almost Hermitian manifold
Suppose now that ϕ is submersive. The restriction of dϕ x to the horizontal space H x = (Ker dϕ x ) ⊥ maps that space isomorphically onto T ϕ(x) N. Denote its inverse by ; for any Z ∈ T ϕ(x) N, the vector Z ∈ H x is called the horizontal lift of Z (this operation can be extended to local vector fields).
If, moreover, ϕ takes values in an almost complex manifold (N, J), then we have an almost complex structure naturally induced on H and an f -structure, F , that extends it: F | H (X) = J H (X) = Jdϕ(X) and F | V = 0, where V = Ker dϕ.
In this case, the PHWC condition is equivalent to the compatibility of J H with the domain metric g (i.e. F is a metric f -structure). Indeed, starting with the remark that dϕ t : T N → H is this time an isomorphism, we obtain (for an arbitrary compatible metric h on N): 
If the fibers of ϕ are 1-dim. and M is orientable, we have seen [26] that the induced f -structure is an almost contact metric structure, φ. It is integrable but not necessarily normal. The supplementary conditions needed in order to be normal is given in [ In this context, the condition for harmonicity of PHWC mappings is given by, [19] :
) be a PHWC map from a Riemannian to a Kähler manifold. Then ϕ is harmonic (and therefore a strong PHM) if and only if
This is simply a consequence of the particular form that the tension field of any PHWC map takes:
where div ϕ J = tr g ϕ * ∇ N J and divF = trace ∇F is the divergence of F . Locally, if we consider an adapted frame {e i , F e i , e α } (i.e. an orthonormal frame such that e α ∈ Ker F ), then the above relation reads:
If F divF = 0 then I shall call the f -structure, F , cosymplectic. Note that this is equivalent to:
Let us turn to the most general setup for pseudo-harmonic morphisms. 
This translates in a local chart as:
Taking f = z γ we get: 
which represents the PHWC condition in coordinates (see (2.3)). Now, as ϕ verifies the PHWC condition, on M we have a metric f -structure, F , such that ϕ is (F, J)-holomorphic, and in particular ϕ α = z α • ϕ are holomorphic functions. Therefore ∆ϕ γ = 0 means that dϕ(F divF )(z γ ) = 0, ∀γ (see the Appendix). But this implies that dϕ(F divF ) = 0 and, because F divF is horizontal, we must have
The proof of the converse is straightforward, taking into account that the composition of a holomorphic function with a PHWC map is f -holomorphic and then using Proposition A 1 cited in the Appendix.
Notice that the proof above shows us that, in general, a pseudo-harmonic morphism need not to be a harmonic map. Nevertheless, according to the definition introduced in [4, Ex. 8.2.6], we have:
Corollary 3.1. A submersion ϕ as above is a PHM if and only if, with respect to any complex coordinates
(z α ) α=1,n on (N, J), the family {ϕ α = z α •ϕ : M → C | α = 1, ...
, n} is an orthogonal family of harmonic maps.
Let us notice that the condition F divF = 0 is equivalent to:
where Φ(X, Y ) = g(F X, Y ) is the fundamental 2-form. 
As harmonicity of functions is invariant to the above change of metric, cf. [21] , then ϕ will be a pseudo-harmonic morphism with respect to g if and only if is a pseudoharmonic morphism with respect to g σ . In [25] , it has been checked directly that PHWC and cosymplectic conditions are invariant to the above change of metric.
Conformal geometry viewpoint
Let (M, [g], D) be a Weyl space, [14] . That is:
(ii) D is a torsion-free linear connection that satisfies:
The condition (ii) is satisfied if we define (for an arbitrary 1-form θ !): W.r.t.g ∈ [g] we consider on M an adapted orthonormal frame {e i , F e i , e α } (i.e. e α span KerF ).
We can check that with respect to an arbitrary Weyl connection we have:
the Weyl connection associated to the dual 1-form θ, will have the property that:
Notice that D is not uniquely determined. Recall that Weyl harmonic functions are in particular pseudo-harmonic functions.
Constructing minimal submanifolds via PHM's
It is natural to ask when PHM's pull other holomorphic objects back to harmonic ones. This is indeed the case of complex / minimal submanifolds, but under a stronger condition than the cosymplectic one. The following result have been already proved in [19, Prop. 7] , for strong PHM's (with Kähler target). I give here a simpler (and slightly more general) proof that stress the f -invariance of the inverse image submanifold. Recall that a submanifold
Suppose that the induced f -structure F on M satisfies:
Moreover the restriction ϕ|
Proof. The tangent space of K has the split:
As P is a complex submanifold, it is obvious that K is an f -invariant submanifold.
As a direct consequence of Gauss formula for the f -invariant submanifold K we have:
where ∇ K stands for the tangential component of ∇ and B for the second fundamental form of K. Now taking in the above formula the corresponding trace, using (3.6) and the minimality of the fibers (the condition imposed on F assures that F div H F = 0, so our PHM must have minimal fibers), we come across the minimality of K. For the last assertion, one has to remark that the metric f -structure induced on K is still cosymplectic.
Notice that the condition (3.6) could be stated in complex form as:
Remark 3.2. In [3] , the same property was proved for pseudo horizontally homothetic (PHH) mappings, that is PHWC maps ϕ which also satisfies [1] , [2] , [7] .
I). This means that J H is parallel in horizontal directions. A PHH mapping obviously satisfies (3.6). Further properties and examples of PHH harmonic submersions can be found in
Stationary fields for the Faddeev-Hopf model
The strong coupling limit (α → ∞) for the (generalized) Faddeev-Hopf model, [27] , involves the variational problem for the following energy functional: Now we want to identify those PHWC submersions that satisfy (4.1). We shall need the following: (iii) With respect to an adapted frame {E j , F E j , E α }, the first fundamental form of ϕ satisfies:
Proof. For a PHWC map with induced f -structure F we haveΩ(X,
. In order to compute its co-differential, we start with:
With respect to an adapted frame {E j , F E j , E α }, for any horizontal vector field Z on M, we shall have:
On the other hand, δΩ(Z) = g((δϕ * Ω) ♯ , Z). As ϕ is a submersion, Ker dϕ = Ker F and our conclusion easily follows.
As any strong PHM is a harmonic map, we have: In particular, any PHWC submersion that satisfies On the other hand, as N is endowed with a Kähler structure, from the following easy to check relation: 
Proof. Semiconformal submersions are in particular PHWC, so we always have an induced metric f -structure, F , on M and, in addition:
As ϕ * h| H×H = λ 2 g| H×H , in this case we shall have, for any Y , Z horizontal vector fields :
Then, taking the trace w.r.t. an adapted orthonormal frame, we obtain:
Now taking into account also (4.5), the conclusion follows.
In particular, a horizontally homothetic submersion (λ constant in horizontal directions) is a stationary point for the full Faddeev-Hopf energy if and only if it has minimal fibres (see also [27, Examples 3.1, 3.3] ).
Appendix
A function f : (M, J) → C on an almost complex manifold is called holomorphic iff df • J = i · df . Considering on (M, J) a compatible metric, we can easily establish that the corresponding Laplace-Beltrami operator is given by: ∆f = −(JdivJ)(f ).
Therefore we have the following (classical) fact:
holomorphic function on a cosymplectic (almost Hermitian) manifold is always harmonic.
Of course this is a particular case of the result of André Lichnerowicz ('70), [17] : a (anti)holomorphic map from a cosymplectic (semi-Kähler) manifold to a (1, 2)-symplectic (quasi-Kähler) manifold is harmonic. If J is integrable, then we have a converse result:
Hermitian manifold M is cosymplectic if and only if every holomorphic function on an open subset of M is harmonic.
The proof of this second statement is based upon the Newlander -Nirenberg theorem which assures us that if J is integrable, then each point of M has a neighbourhood in which there exists dim R M (functionally) independent holomorphic functions (so cancelation of a vector field on any holomorphic function suffices to state that the vector field identically vanishes).
Analogously, a function f : (M, F ) → C on a manifold endowed with a f -structure is called f-holomorphic iff df • F = i · df . In particular, df (V ) = 0, ∀V ∈ Ker F .
Recall that a f -structure is called cosymplectic iff F divF = 0. We have the analogous version of the above two results: For the proof of B 1 , we can check again ∆f = −(F divF )(f ) or use directly (3.2), while for the proof of B 2 we need the characterization given in Proposition 2.1 and then an argument as in the proof of Theorem 3.1.
